Abstract: The infrared behavior of perturbative quantum gravity is studied using the method developed for QED by Faddeev and Kulish. The operator describing the asymptotic dynamics is derived and used to construct an IR-finite S matrix and space of asymptotic states. All-orders cancellation of IR divergences is shown explicitly at the level of matrix elements for the example case of gravitational potential scattering. As a practical application of the formalism, the soft part of a scalar scattering amplitude is related to the gravitational Wilson line and computed to all orders.
Introduction
The problem of infrared divergences in perturbative quantum gravity was first investigated by Weinberg [1] , who showed the exponentiation of soft divergences for a class of ladder and crossed ladder diagrams in the eikonal approximation. Subsequently, the cancellation of soft divergences was also demonstrated at one loop in inclusive cross sections for gravitongraviton scattering [2] . Work so far, however, has relied on the Bloch-Nordsieck method [3] , in which soft divergences cancel only when the transition probability is summed over nearly degenerate final state processes. Because the cancellation occurs at the level of the cross section, this leaves us without a (finite) definition of the S matrix in four dimensions. This shortcoming is of relevance for investigations involving the gravitational S matrix, which has attracted particular interest both in the context of black hole production and decay [4, 5] and in the perturbative evaluation of gravitational amplitudes (for reviews see [6] [7] [8] ). The lack of an S matrix obscures the internal logic of the theory and may impede future progress.
Luckily, we can draw on our experience with another theory -QED -in which a long-range interaction leads to infrared divergences. Faddeev and Kulish [9] constructed an IR-finite S matrix for QED as early as 1970. Their method considered the interaction potential in the limit of long times. Due to the long range of the electromagnetic force, a part of this potential survives in the limit |t| → ∞. Asymptotic (scattering) states are therefore governed not by the free time-evolution operator exp(−iH 0 t) but by a different operator U as .
The resulting matrix elements may be understood in two equivalent ways [10] . We can use the usual (Dyson) S matrix but define a new space of asymptotic states in which every charged particle comes 'dressed' with a coherent cloud of soft photons. This picture allows for calculations using the familiar Feynman rules, but it obscures the particle content of the theory, since the asymptotic space admits no irreducible massive representations of the Poincaré group. Alternatively, we can continue to use the Fock space as the space of scattering states if the S matrix is modified from its usual form. From this point of view, the Hilbert space and therefore the particle content are unaffected.
Can the same technique be taken over to gravitation? Until recently, the main obstactle to extending the Faddeev-Kulish program to perturbative quantum gravity has been the lack of a complete characterization of IR divergences in that theory. This problem has now [11] been solved. Despite the highly nonlinear nature of gravity, the IR behavior is remarkably simple. There are no collinear divergences, and soft divergences arise only in ladder and crossed ladder diagrams constructed from three-point vertices, i.e. from linearized interactions. These results make it possible to carry out the Faddeev-Kulish procedure for gravity without treating an infinite tower of derivative interactions.
In this paper, we derive the operator U as of asymptotic dynamics for perturbative quantum gravity and use it to construct an IR-finite S matrix (equivalently, a space of asymptotic states). We show the cancellation of soft divergences to all orders when our S matrix is used in one-particle potential scattering.
In section 2 we briefly review the power-counting argument of [11] , which establishes that we need only consider linearized interactions. In section 3, we derive the operator that determines the gravitational asymptotic dynamics and show that it serves to cancel the divergent 'Coulomb' phase factors that arise in S matrix elements. In the following section, 4, we define the asymptotic S matrix and construct the asymptotic graviton and scalar field operators. We show explicitly that the asymptotic operators create matter particles along with the associated classical gravitational fields. Next, in section 5, we discuss the gauge and Lorentz transformation properties of the gravitational coherent states. We then explicitly construct the physical asymptotic states relevant to one-particle gravitational potential scattering.
In section 6, following the work of Chung in QED [12] and treating potential scattering explicitly as a model case, we show that our S matrix yields IR-finite matrix elements to all orders. This establishes one of the main advantages of the Faddeev-Kulish method over the approach used in previous work including that of Weinberg [1] and Donoghue [2] , in which no finite S matrix elements can be defined and infrared cancellations are seen only at the level of inclusive cross sections. In section 7, we use the results of the previous section to consider the infrared graviton corrections to all orders to an exclusive hard scattering process. The virtual corrections exponentiate and the collinear divergences cancel when corrections to all legs are included. Our results here are in agreement with those of [13] (see also [14] ) and show clearly the relevance of gravitational Wilson lines to the soft part of graviton scattering in perturbative quantum gravity. The final section summarizes our conclusions. Certain technical details are relegated to an appendix.
Gravitational collinear and soft divergences
In this section, we briefly review the results of [11] , in which we characterize, to all orders, the diagrams contributing to infrared divergences in perturbative gravity. In subsection 2.1 we consider collinear divergences; in subsection 2.2 we turn to soft divergences. We find that only the latter are directly relevant to the Faddeev-Kulish construction. We also show that it suffices, for discussions of infrared behavior, to treat the gravitational field only to linear order in interactions.
Jet power counting
Consider the addition of a graviton jet attached to a massless on-shell line with momentum p in an arbitrary diagram (see figure 1 ). The addition of such a graviton jet will require us to integrate over all independent loop momenta in the jet. In each jet loop integral, we can make the change of variables
where l 2 ⊥ are the two components of the loop momentum l transverse to p and l ± is defined as
(l 0 ± l ·p). We define the collinear degree of divergence γ co as the total number of factors of vanishingly small variables, called normal variables, that scale in the same way as l − .
We can boost to a frame in which l − and l 2 ⊥ are small. Therefore, when l and p are collinear, the jet loop contributes two normal variables in the numerator. Note that l − , l 2 ⊥ , and l 2 all scale together, since l 2 = l + l − − l 2 ⊥ and l + does not vanish. Since each propagator in the jet contributes a factor of l 2 in the denominator, each jet line will will subtract one from the collinear degree of divergence. The only other additional factors of normal variables come from vertex numerator factors. So we can write the collinear degree of divergence γ co as
where L J is the number of loops in the jet, N J the number of jet lines, and N num the total number of normal variables in the numerator arising from vertices.
In [11] , we show that gravitational collinear divergences can arise only when a jet has only three point vertices and no internal jet loops. An example is shown in figure 2 . Note that jets of this kind always have 2L J = N J . In the case that such a jet contains only gravitational vertices, N num = 0. This seems surprising because each vertex within the jet produces two factors of collinear momenta. However, for every vertex where the jet attaches to a non-collinear line (labeled "rest" in figure 1 ), two factors of collinear momenta are contracted with two factors of non-collinear momenta. But for diagrams with no internal jet loops and only three point vertices, there are the same number of collinear jet vertices as there are vertices that connect the jet to "rest." So N num = 0. Therefore jets of this kind have γ co = 0, indicating a logarithmic collinear divergence.
We have seen that individual diagrams can contain collinear divergences. What happens to this collinear divergence when we include all the topologically distinct diagrams contributing to a particular process? In [11] it was shown (using the gravitational Ward identity) that when all possible additions of jets to an arbitrary diagram are summed over, the collinear divergences cancel. This cancellation, which is thus seen to be a consequence of momentum conservation and the on-shell condition, was first observed in the context of the eikonal approximation in [1] . The analysis of [11] relies on no approximations and was confirmed in [15] .
Since the collinear divergences already cancel at the level of matrix elements, they will play no role in the Fadeev-Kulish construction.
Soft power counting
We now review the power-counting procedure for soft divergences. Consider soft graviton corrections to a hard vertex, as in figure 3 . Note that the spin of the hard lines is immaterial, since soft gravitons couple independently of spin [16] . For soft divergences, all four components of the graviton loop 4-momentum are normal variables. Therefore, each graviton loop now adds four and each virtual graviton line subtracts two from the soft degree of divergence. Each virtual finite momentum line will subtract one from the soft degree of divergence, since the denominator of the corresponding propagator is linear in graviton loop momenta in the eikonal regime. So we have
where L S is the number of soft loops in S, N S is the number of soft graviton lines in S, N E is the number of virtual finite momentum lines in the diagram, and N sn is the contribution of soft normal variables to the numerator from the vertices. For clarification of these quantities, see the example given in figure 4 .
H Figure 5 . An example of a diagram with only three point couplings to hard lines that will lead to a soft divergence.
In [11] it was shown that soft divergences can occur in 1PI diagrams only if all soft lines attach only to finite momentum lines. An example of such a diagram is shown in figure 5 . In such diagrams, γ sof t always vanishes, since L S = N S , N E = 2N S , and N sn = 0. Diagrams of this kind may therefore contain logarithmic soft divergences. In general, such divergences cancel only at the level of the cross section, and only if we allow the emission or absorption of an arbitrary number of real soft gravitons.
We have shown in this section that vertices involving more than one soft graviton line do not contribute to soft divergences. As a result, interactions at quadratic order or higher in the gravitational field will play no role in the IR behavior of the theory. In particular, we can safely carry out the Faddeev-Kulish procedure in perturbative quantum gravity using only linearized interactions (three-point vertices).
It is worth pointing out that the absence of collinear divergences and the simple structure of soft divergences in perturbative quantum gravity makes this theory more tractable in the infrared regime than even QED. For this reason, the Faddeev-Kulish approach is on a firmer foundation here than in the case of massless gauge theories, which are fraught with collinear divergences.
Finding the asymptotic operator
As discussed in the previous section, in order to find the correct asymptotic states for perturbative quantum gravity, we need only consider terms up to linear order in the gravitational field. Since soft gravitons do not see spin, the asymptotic behavior should be independent of the spin of the matter. For simplicity, we consider a single scalar field coupled to gravity. The relevant Lagrangian is
where we have taken κ 2 = 16πG = c = = 1 and omitted the ghost Lagrangian, which does not contribute to infrared divergences [17] . Expanding about the flat metric g µν = η µν +h µν to linear order in h,
We choose the gauge fixing term
Substituting these definitions into (3.1) and dropping total derivatives, we have, to linear order in h in the interaction potential,
3)
The graviton propagator corresponding to this Lagrangian is
We are interested in the asymptotic behavior of the interaction Lagrangian V = d 3 x V grav , which will determine the asymptotic Hamiltonian. In order to see what terms remain when we take the asymptotic limit |t| → ∞, first expand the field operators in terms of creation and annihilation operators:
with commutation relations
Equations (3.5) and (3.6) are both expressed in the interaction representation, which coincides with the Heisenberg representation for the free field case. When we substitute these expressions into V , the spatial integral will produce a delta function δ (3) (p ± q − k) relating the momenta p and q of the scalars and k of the graviton. The resulting expression will contain terms of two types: 1) those with two creation or two annihilation operators of the scalars and 2) those with one creation and one annihilation operator of the scalars. Terms of the first type will carry the exponential time dependence
For large t, this factor becomes highly oscillatory, so terms of type (3.9) average to zero in the integration over the remaining momenta p and k. Terms of the second type carry the time dependence
Due to the difference in sign, the argument of the exponential vanishes along the whole line k = 0, p arbitrary, supressing the oscillatory behavior. We therefore expect the integral to be dominated for large t by the region of small k. Neglecting terms of the type (3.9) compared to those of type (3.10) and treating k as small, the asymptotic potential becomes, for large t,
where
We seek to find the operator U as (t) that defines the asymptotic dynamics. This operator can be found by solving the Schrodinger equation,
where H as (t) = H 0 + V as (t), H 0 is the free field Hamiltonian, and V as (t) is (3.11) in the Schrodinger representation. Paralleling the construction of the asymptotic operator in the QED case, we make the ansatz
which gives the following equation for Z(t):
The solution to an equation of the form (3.14) is a time-ordered exponential, but because V I as (t) commutes with its own commutator Q(t 1 , t 2 ) = [V I as (t 1 ), V I as (t 2 )], we can also write Z(t) in the explicit form
Note that when evaluating the integrals in (3.15), there should be no dependence on any constant finite time. This is because the wave packets U as (t)Ψ must behave classically for large |t|, and V I as (t) does not commute with the momentum of the system for finite t as it is linearly dependent on a µν (k) and a † µν (k). So we must evaluate the integrals in (3.15) using [9] :
Using (3.18) and (3.19), we can write the asymptotic operator as
The role of the operator e iΦ(t) is to cancel the divergent phase factor that would otherwise arise when acting e −iH 0 t on states in H as . These divergent phase factors for both QED and linearized gravity were calculated by Weinberg [1] . In an appendix we calculate this using dimensional regularization to regulate the IR divergences instead of introducing a graviton mass. We find that each pair of particles m, n in the initial or final state produces the phase factor 20) where
is the relative velocity of the particles. In eq. (3.19) the infrared divergence in the phase operator is regulated by time. To show the cancellation of the phase eq. (3.20), we instead take t → ∞ and regulate this divergence by dimensional regularization. The asymptotic phase operator eq. (3.19), involves the integral
which diverges as t → ∞. We instead write
In this case, to regulate the divergence at the upper limit, we should take n < 4, which gives
Then the asymptotic phase operator is
where here = 4 − n > 0. This will produce, for each pair of particles in the state it acts on, the phase factor (in the case that all external particles have the same mass m) 25) which exactly cancels the divergent phase arising from internal soft graviton lines, eq. (3.20).
The remainder of our discussion will focus primarily on the operator W (t) = e R(t) , which serves to associate a coherent cloud of soft gravitons to each hard matter particle.
Asymptotic dynamics and asymptotic fields
The usual derivation of Dyson S matrix requires that the scattering states behave like states of the free theory as t → ±∞. In the presence of long-range interactions mediated by massless fields, this condition fails, leading to infrared divergences. In particular, as we have shown, the Hamiltonian in the standard interaction picture does not switch off at large times. The Faddeev-Kulish procedure may be thought of as defining a new asymptotic interaction picture, the fields of which are related to the free fields by a (formally unitary) transformation. As discussed earlier, this transformation is generated by the asymptotic Hamiltonian described in the previous section and is given for large t by
where, for the case of perturbative quantum gravity,
2)
It will be explicitly shown in the next section that the S matrix defined by
where S D is the usual Dyson S matrix, is free of infrared divergences to all orders. In this section we will analyze the nature of the asymptotic fields and their interpretations. We first show by a unitary transformation of the free field h µν that T as µν drives an asymptotic field h as µν : h
Recall that Z(t) can be written
The commutator [V as (τ ), V as (s)] itself commutes with V as and with h µν , so it cancels in
where I µν;σλ = η µσ η νλ + η µλ η νσ − η µν η σλ and
In the second line we have used the fact that commutators of more than two factors of h µν vanish, along with the identity
The object appearing in the simple form of the linearized Einstein equation is the tracereversed perturbationh µν , so we compute
We remind the reader that the asymptotic fields in this section are all defined at large times.
The asymptotic fieldh as µν is seen to have the following properties:
1.h as µν is sourced by T as µν : 2h
This follows because, for τ < t, the function D(τ − t, y − x) is equal to the retarded propogator and is therefore a Green's function for the wave operator.
2. Because T as µν commutes with itself everywhere and with h µν , the transformed operator h as µν has the same commutator as the free fieldh µν :
[h The asymptotic gravitational fieldh as µν measures the asymptotic (i.e., classical) field sourced by a matter particle, in the sense that
The coefficient of b † on the RHS is just the classical linearized gravitational field of a point mass moving with momentum q [18] . Thus, we see that with respect to the asymptotic operator, each particle is automatically created in association with its gravitational field. Eq. (4.13) follows straightforwardly by evaluating the commutators [ρ(p),
This integral is computed in the appendix of [9] , with the result
Substituting this and combining factors of 2π, etc., we have 16) upon restoring the Newton constant. Finally, consider the free (scalar) matter field
As before, we wish to compute the asymptotic field φ as (t, x) = Z † (t)φ(t, x)Z(t). Note that the commutator term e iΦ does not commute with φ(t, x) as it did with h µν (t, x), since we have the nonzero commutator
and so
after relabeling the integration variable q → p in the first term, where I(t) is the integral defined in eq. (3.21). Then since Φ commutes with ρ(p), successive applications of Φ just produce more factors:
and so, using the identity (4.8),
and similarly
There is also a contribution from the factor e R(t) , since
Since V as commutes with ρ(p), this contribution is independent of the previous one, and it exponentiates similarly:
Altogether, we have
which contains contributions from the phase operator and from the soft component of the gravitational field. Due to these contributions, the asymptotic field associated with the scalar particle does not create or annihilate single particle states, in agreement with the result Eq. (4.13).
Coherent states: properties and constructions
In this section, we define the IR-finite S matrix for perturbative quantum gravity and the associated space of asymptotic coherent states. We demonstate the desirable Lorentz and gauge transformation properties of that space. Finally, we construct, following [12] , the states that will be used in the next section to show the cancellation of infrared divergences at the level of S matrix elements in the Faddeev-Kulish framework. Using the operator of asymptotic dynamics U as (t) = e −iH 0 t Z(t) in place of the free time evolution operator, we define the asymptotic S matrix
where S D is the standard Dyson S matrix. Note that matrix elements of Eq. (5.1) may be viewed in two equivalent ways: as the matrix elements of the asymptotic S matrix S A between standard Fock states, or as the matrix elements of the standard Dyson S matrix between the states of the asymptotic space H as = Z(t)H F ock . This is the space of the coherent states of the theory. 1 In the following subsections we will show that it is Lorentz-and gauge-invariant. First, we introduce a useful alternative characterization of H as .
Recall that the asymptotic operator Z(t) = e iΦ(t) e R(t) is given for large t by
and, taking the limit t → ∞ in dimensional regularization,
Although formally Z † (t) = Z −1 (t), Z(t) does not define a unitary transformation in the Fock space because the operator e R(t) creates unbounded numbers of low-energy gravitons. It is this low-energy behavior that distinguishes the space H as , rather than the precise operator R(t). Consider instead an operator R f of form similar to R(t), but characterized by an IR function f µν (k, p):
Using the Baker-Campbell-Hausdorff (BCH) formula, we can write
If the last two factors are well-defined and unitary within the Fock space, then R f provides an alternative definition of the space of asymptotic states:
The freedom to choose (subject to constraints) the IR function f µν (k, p) will become useful in defining the Chung states in subsection 5.3. The unitarity of the factors appearing in eq. (5.5) imposes convergence constraints on the functions f µν (k, p) that can be used to characterize H as . The commutator factor involves the integral
1 Note that this differs from the definition proposed in [9] , which uses Has = e −R(t) HF . For a discussion of the rationale behind this difference, see Appendix A of [10] . In particular, the states used by Chung [12] to show the cancellation of divergences in QED belong to the space e +R(t) HF , not e −R(t) HF .
for the convergence of which (in the IR) it suffices to take f µν (k, p) real. To check the unitarity of the factor e R f −R(t) , we can use BCH again to normal order. The commutator factor here involves
The convergence of the integral (5.8) will determine the low-energy behavior of f µν . We now use the ideas developed here to show that H as is Lorentz-and gauge-invariant and that a subspace of physical states may be defined within it by the usual Gupta-Bleuler method.
Gauge invariance
A gauge transformation takes
for some vector η. The phase operator Φ(∞) is unaffacted, but the transformation takes W = e R(t) to
Since the extra factor is unitary in the Fock space, the space of asymptotic states is invariant.
Lorentz invariance
Now consider the behavior of Z(t) under a Lorentz transformation. The phase operator is again of no concern; its action on Fock space states just produces the manifestly Lorentzinvariant phase factor
for each pair of particles. To compute the Lorentz transformation properties of R(t), recall that a unitary representation U (Λ) of the Lorentz group is an active transformation; it acts only on states and operators and (by linearity) not on c-number functions, even if they explicitly involve coordinates or components of momenta. So we only need to know how the creation and annihilation operators for gravitons and scalars transform:
12)
The factors of p 0 or k 0 result from the normalization of one-particle states; see [19] . The phase shift of the graviton operator is twice that of the photon because it is proportional to the helicity. Applying the Lorentz transformation to W ,
We can associate the Lorentz transformation matrices with the preceding momenta p µ p ν , and write the Lorentz-invariant measures and scalar products in a transformed form:
This is an operator of the form e R f , with the same IR behavior as W, so it generates the same space of asymptotic states. This establishes that H as is Lorentz invariant.
Construction of physical (Chung) states
In order to show the cancellation of IR divergences, we adopt the point of view that the Dyson S matrix acts in the space of coherent states and follow Chung's approach for QED in [12] . The coherent state used by Chung belongs to the space H as , but it is not the state e R(t) b † (p)|0 . Instead, Chung uses a physical state gauge-equivalent to one of the form e R f b † (p)|0 . In this subsection we will construct such states for perturbative quantum gravity. First, we recall that in the Fock space, the physical states satisfy the condition [22] (
We define the physical subspace of H as by the same condition. We would like to be able to obtain the physical asymptotic states by a transformation of the physical Fock states, which will be possible if we can find an operator of the form e R f that commutes with (5.18) . This requires that
for f µν symmetric. We also need f to satisfy the convergence constraint (5.8). This requires f to have a singularity that will cancel against p µ p ν /kp, so put 20) where k µ c µν = −p ν and where φ is some smoothing function with φ = 1 for small k. To avoid producing additional singular terms in the integral, we need c µν c µν − (1/2)(c µ µ ) 2 = 0. Later, we will modify f µν to make it a linear combination of graviton polarization tensors n µν (k); at that point, it will also be useful if c µν nµν (k) = 0. Make the ansatz
with the coefficients x to be determined. Since the graviton polarization tensors are purely spatial and orthogonal to k, c µν will be orthogonal to polarization tensors if we choose x 3 = 0. Then k µ c µν = 0 requires (using the on-shell condition
This leaves one remaining coefficient, x 2 , and one constraint, c µν c µν − (1/2)(c µ µ ) 2 = 0. We now have
It looks as if the remaining constraint will be quadratic in x 2 and so might not always have a solution, but in fact the quadratic terms cancel, leaving x 2 (an algebraic mess but) determined.
In the next section, we will consider one-scalar gravitational potential scattering in detail in order to demonstrate the cancellation of divergences. In order to write a onescalar asymptotic state |Ψ = e R f b † (p)|0 in the Chung form, we first need to arrange for f µν (k, p) to be a linear combination of graviton polarization tensors. This can be achieved using the residual freedom 25) which preserves the physical state condition. It is a standard result in linearized GR that a symmetric, transverse metric perturbation h µν (k) can be made traceless and purely spatial h µ0 = 0 using transformations of this kind. But we first need to show that such a transformation, which may disturb the conditions imposed above in the determination of c µν , nonetheless keeps our state in the space of asymptotic states. First use Baker-Campbell-Hausdorff to write |Ψ as in normal-ordered form:
Now consider the effect of the tranformation on each of the three factors. The commutator factor is invariant, 27) provided that k µ f µν = 0, as in our case. The factor containing creation operators picks up a multiplicative factor
Since the expression in parentheses above is conjugate to the physical state condition, terms beyond zeroth order in the exponential will be orthogonal to all physical states, i.e. they will be spurious. But in Gupta-Bleuler quantization we identify states that differ by |χ if |χ is spurious. So this factor has no effect. Finally, the annihilation part picks up a similar factor 29) in which the terms beyond the zeroth order vanish on physical states. This shows that we are free to make the residual transformation, and so we can choose f µν to be traceless and spatial. We can now write f µν as a linear combination of graviton polarization tensors:
Normalizing the polarization tensors n µν nµν = 1 and recalling that
we can extract
Cancellation of infrared divergences in gravitational potential scattering
To illustrate the cancellation of IR divergences in matrix elements of the coherent states defined above, we consider the simple case of gravitational potential scattering, shown at tree level in figure 6 . Our work follows the treatment of Chung in QED [12] . In section 6.1 we consider divergences at order κ 2 , and in 6.2 we show that the cancellation extends to all orders.
Cancellation at one loop
The asymptotic state is
or, using Baker-Campbell-Hausdorff to normal order and omitting a factor involving graviton annihilation operators,
(c) Figure 7 . Diagrams at order κ 2 with graviton loops.
Using a similar notation to Chung, we define
so that the initial state is, to lowest order, 4) and similarly for the final state. Consider the matrix element for this state to scatter from a gravitational potential. The following contributions are up by κ 2 relative to the tree-level process with no external soft gravitons:
1. Diagrams containing one soft graviton loop. These diagrams correspond directly to those in QED and are computed by Weinberg in [1] . They are shown in figure 7.
2. The tree diagram, with no external gravitons, but with the second-order term in the normalization of either the initial or the final state.
3. The tree diagram with an additional disconnected soft graviton line. This is up by κ in both the initial and the final state, and so to second order it can contain no extra vertices. It corresponds to diagram (a) of figure 8 . At the end of this subsection we will comment briefly on the need to include such contributions.
4. Tree-level diagrams with one external soft graviton in either the initial or the final state. The asymptotic state contributes one factor of κ and the additional vertex contributes another factor. These correspond to the diagrams (b)-(e) of figure 8.
We now compute these contributions in turn. 1. Weinberg [1] computes the virtual soft graviton corrections. Although he uses only linearized interactions, the results of [11] indicate that his results are exact as far as IR divergences are concerned, since quadratic and higher vertices do not contribute. At one loop, then, virtual soft gravitons contribute a factor (1/2) d 4 k B(k), where Altogether these combinatorics produce a factor
Summing the external-graviton contributions (3) and (4), with the combinatoric factor (5), over all possible values of m,m ,l, gives
The first factor exponentiates immediately. In the second factor, we can exchange the order of summation using j ≤ m ⇔ m ≥ j and then reindex w = m − j to obtain
Within each term, the integrals factor into a part dependent only on the first j momenta and one dependent only on the last w momenta:
(6.32) Another shift of index eliminates the apparent j-dependence of the last factor, so the sum over j exponentiates:
The argument of the exponential is exactly the one-loop result, which was previously shown to vanish.
Infrared divergences in exclusive gravitational scattering amplitudes
In the previous section, we showed the cancellation of infrared divergences in a matrix element computed in the space of asymptotic states H as . It is worth emphasizing that within the Faddeev-Kulish framework, the soft and hard parts of an amplitude factor explicitly. This was seen directly for the example of potential scattering -see eq. (6.35). We also showed in that case that the all-orders soft divergence can be obtained by exponentiating the one-loop divergence. This factorization is more straightforward in gravitational scattering than in gauge theories due to the absence of collinear divergences. In this section, using the Faddeev-Kulish approach, we will calculate the soft contributions to an exclusive gravitational scattering amplitude to all orders. Our approach is a generalization to gravitation of the calculation of the electron form factor using the QED asymptotic operator in [23] . In order to remove any soft graviton radiation, we will need to impose constraints on the states. We treat the case of a four scalar scattering amplitude, though it will become clear that the same method applies for an arbitrary number of particles. In fact, our result can be expressed in terms of the expectation value of a product of gravitational Wilson line operators, in agreement with [13, 14] in which such a connection was conjectured.
Recall that the space of asymptotic states is given by
Consider a four scalar exclusive scattering process, with all momenta taken as incoming. The soft part of this amplitude can be written as
where Z(t) is the asymptotic operator in the interaction representation, which is diagonal with respect to the momenta of the hard particles. In order to evaluate this matrix element, we project the operator Z(t) into the four-scalar subspace:
where Z φ is the asymptotic operator (in the interaction representation) with V I as replaced by its projection V φ onto the four-scalar subspace. In order to obtain an explicit form for V φ , it will be useful to express the asymptotic potential as in section 4:
in order to keep I 1 | m=0 dimensionless. This is exactly the one-loop soft function obtained in [13] . There, the soft function for n graviton scattering is hypothesized to be 16) where the gravitational Wilson line operator is
Our approach not only picks out the gravitational Wilson line operator of [13] as the correct representation of the soft function but also demonstrates straightforwardly the exponentiation of the one loop result, eliminating the need to perform an order by order investigation in perturbation theory.
The integral (7.15) actually vanishes due to a cancellation between the UV and IR divergences. However, the UV divergence is artificial and should be compensated by a counterterm. It arises because we took the graviton momentum k to be small when we constructed the asymptotic operator; the large-k regime here is not meaningful. Using dimensional regularization, it was shown in [13] that (7.15) takes the form
If we define λ = 1 2 (κ) 2 (4πe −γ ) and use momentum conservation i<j p i · p j = 0, we arrive at the result
The absence of 1/ 2 divergences in the massless limit signals the cancellation of the collinear singularities. While we have treated the four-scalar case explicitly, it is clear that this result applies for an arbitrary number of external particles, since momentum conservation guarantees i<j p i · p j = 0 for any number of external momenta.
Conclusions
We have constructed a gravitational S matrix S A and a space of asymptotic states analogous to those defined by Faddeev and Kulish in QED. We find that infrared divergences vanish in matrix elements of S A without the need to sum over cross sections. As an application of the asymptotic state formalism we have also calculated the virtual soft corrections to a 2 → 2 hard scattering process and related these to a gravitational Wilson line contribution. While we consider the simple case of scalar matter content, our treatment is in fact general, since soft gravitons are insensitive to spin.
The construction of coherent asymptotic states was made possible by the surprisingly simple IR structure of perturbative gravity: divergences only occur in subdiagrams in which no vertex connects more than one soft graviton line. As a result, we were able to restrict our consideration to linearized interactions, and the coherent states of quantum electrodynamics and perturbative quantum gravity turned out to to be quite similar. The key difference between the two theories is that the spin-2 graviton has derivative couplings, which, through momentum conservation, prevent the appearance of collinear divergences.
By providing a well-defined S matrix, this work establishes a firm foundation for perturbative studies of quantum gravity. Since no infrared divergences are associated with massless fermions including gravitini, or with massless scalars, the long distance behavior of supergravity is the same as that of gravity and massless vectors. For the case of high energy small angle scattering of gravitons this was observed in [24] . Thus, our results are also applicable to (N = 8) supergravity, in which IR divergences have until now been handled only at the level of inclusive cross sections [25] . In fact, eq. (7.19) is the infrared divergent part of the four graviton scattering amplitude in N = 8 supergravity as calculated in [26] . Formulations of the Fadeev-Kulish procedure in terms of surface terms at infinity [27] also suggest a possible application to holographic renormalization [28, 29] .
Our discussion of the asymptotic Hamiltonian and the state space naturally ties in to the question of asymptotic symmetries at future and past null infinities. In [30, 31] aspects of this asymptotic symmetry group, called the BMS group, were explored. Clearly, the infrared sectors of the massless fields must be connected to the representations of the BMS group. In a fascinating recent paper [32] , an extension of the BMS algebra was discussed which allows for analytic singularities and a connection with the Weinberg soft graviton theorems [1] was established. These developments are currently under investigation in the context of the Faddeev-Kulish [9] approach discussed here.
Appendix A Gravitational 'Coulomb' phase in dimensional regularization
In this appendix we provide a proof of eq. (3.20), which expresses the divergent gravitational phase factor in dimensional regularization. Weinberg [1] shows (his eq. (2.19)) that the contribution of internal soft graviton lines to an S-matrix element is a multiplicative factor S βα The sum runs over pairs n, m of initial and/or final state particles, with η = +1 for outgoing particles and η = −1 for incoming particles. We've kept Weinberg's UV cutoff Λ, which separates 'soft' from 'hard' virtual gravitons, but removed the IR cutoff or photon mass λ; we use dimensional regularization for IR divergences instead. We can write 
This is now essentially the same integral as Weinberg eq. (5.5). The q 0 contour integration is the same: if η n , η m are opposite, then the poles q 0 = v n · q − iη n , q 0 = v m · q + iη m lie on the same side of the real axis and may both be avoided. Then J nm is real. But if particles n and m are either both incoming or both outgoing, then the poles lie on opposite sides of the real axis and cannot both be avoided. Take the case η n = η m = +1; the other is the same. Closing the contour in the upper half-plane, we pick up contributions from the poles at −|q| + i and v m · q + i , where as in Weinberg v = p/E. The residue theorem gives
. (A.5)
The i -prescription has been retained where it will become important later. The first term is again the real part; the second will give the divergent phase. It can be written Continue the integral to n − 1 spatial dimensions, using the prescription for spherical coordinates given in [33] :
Choosing v m to be along the first axis, the integrand is independent of the angles θ 2 . . . θ n−2 . Carrying out those integrals yields an overall factor: 
